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ABSTRACT

The sonata form has been one of the most important
large-scale musical structures used since the early Classi-
cal period. Typically, the first movements of symphonies
and sonatas follow the sonata form, which (in its most ba-
sic form) starts with an exposition and a repetition thereof,
continues with a development, and closes with a recapit-
ulation. The recapitulation can be regarded as an altered
repeat of the exposition, where certain substructures (first
and second subject groups) appear in musically modified
forms. In this paper, we introduce automated methods for
analyzing music recordings in sonata form, where we pro-
ceed in two steps. In the first step, we derive the coarse
structure by exploiting that the recapitulation is a kind of
repetition of the exposition. This requires audio structure
analysis tools that are invariant under local modulations.
In the second step, we identify finer substructures by cap-
turing relative modulations between the subject groups in
exposition and recapitulation. We evaluate and discuss our
results by means of the Beethoven piano sonatas. In partic-
ular, we introduce a novel visualization that not only indi-
cates the benefits and limitations of our methods, but also
yields some interesting musical insights into the data.

1. INTRODUCTION

The musical form refers to the overall structure of a piece
of music by its repeating and contrasting parts, which stand
in certain relations to each other [5]. For example, many
songs follow a strophic form where the same melody is re-
peated over and over again, thus yielding the musical form
A AyA3A,...." Or for a composition written in rondo
form, a recurring theme alternates with contrasting sec-
tions yielding the musical form A; BAsC AsD.... One of
the most important musical forms in Western classical mu-
sic is known as sonata form, which consists of an expo-
sition (F), a development (D), and a recapitulation (R),

! To describe a musical from, one often uses the capital letters to refer
to musical parts, where repeating parts are denoted by the same letter.
The subscripts indicate the order of repeated occurrences.
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where the exposition is typically repeated once. Some-
times, one can find an additional introduction (/) and a
closing coda (C'), thus yielding the form I E4 E2 DRC'. In
particular, the exposition and the recapitulation stand in
close relation to each other both containing two subsequent
contrasting subject groups (often simply referred to as first
and second theme) connected by some transition. How-
ever, in the recapitulation, these elements are musically al-
tered compared to their occurrence in the exposition. In
particular, the second subject group appears in a modulated
form, see [4] for details. The sonata form gives a compo-
sition a specific identity and has been widely used for the
first movements in symphonies, sonatas, concertos, string
quartets, and so on.

In this paper, we introduce automated methods for ana-
lyzing and deriving the structure for a given audio record-
ing of a piece of music in sonata form. This task is
a specific case of the more general problem known as
audio structure analysis with the objective to partition
a given audio recording into temporal segments and of
grouping these segments into musically meaningful cate-
gories [2,10]. Because of different structure principles, the
hierarchical nature of structure, and the presence of musi-
cal variations, general structure analysis is a difficult and
sometimes a rather ill-defined problem [12]. Most of the
previous approaches consider the case of popular music,
where the task is to identify the intro, chorus, and verse
sections of a given song [2,9-11]. Other approaches focus
on subproblems such as audio thumbnailing with the ob-
jective to extract only the most repetitive and characteristic
segment of a given music recording [1, 3, 8].

In most previous work, the considered structural parts
are often assumed to have a duration between 10 and 60
seconds, resulting in some kind of medium-grained anal-
ysis. Also, repeating parts are often assumed to be quite
similar in tempo and harmony, where only differences
in timbre and instrumentation are allowed. Furthermore,
global modulations can be handled well by cyclic shifts
of chroma-based audio features [3]. When dealing with
the sonata form, certain aspects become more complex.
First, the duration of musical parts are much longer of-
ten exceeding two minutes. Even though the recapitula-
tion can be considered as some kind of repetition of the
exposition, significant local differences that may last for a
couple of seconds or even 20 seconds may exist between
these parts. Furthermore, there may be additional or miss-
ing sub-structures as well as relative tempo differences be-



tween the exposition and recapitulation. Finally, these two
parts reveal differences in form of local modulations that
cannot be handled by a global cyclic chroma shift.

The goal of this paper is to show how structure analysis
methods can be adapted to deal with such challenges. In
our approach, we proceed in two steps. In the first step, we
describe how a recent audio thumbnailing procedure [8]
can be applied to identify the exposition and the recapitu-
lation (Section 2). To deal with local modulations, we use
the concept of transposition-invariant self-similarity matri-
ces [6]. In the second step, we reveal finer substructures
in exposition and recapitulation by capturing relative mod-
ulation differences between the first and the second sub-
ject groups (Section 3). As for the evaluation of the two
steps, we consider the first movements in sonata form of
the piano sonatas by Ludwig van Beethoven, which con-
stitutes a challenging and musically outstanding collection
of works [13]. Besides some quantitative evaluation, we
also contribute with a novel visualization that not only in-
dicates the benefits and limitations of our methods, but also
yields some interesting musical insights into the data.

2. COARSE STRUCTURE

In the first step, our goal is to split up a given music record-
ing into segments that correspond to the large-scale mu-
sical structure of the sonata form. On this coarse level,
we assume that the recapitulation is basically a repetition
of the exposition, where the local deviations are to be ne-
glected. Thus, the sonata form I Fy F2 D RC' is dominated
by the three repeating parts F1, Fs, and R.

To find the most repetitive segment of a music record-
ing, we apply and adjust the thumbnailing procedure pro-
posed in [8]. To this end, the music recording is first con-
verted into a sequence of chroma-based audio features 2
which relate to harmonic and melodic properties [7]. From
this sequence, a suitably enhanced self-similarity matrix
(SSM) is derived [8]. In our case, we apply in the SSM
calculation a relatively long smoothing filter of 12 sec-
onds, which allows us to better bridge local differences in
repeating segments. Furthermore, to deal with local mod-
ulations, we use a transposition-invariant version of the
SSM, see [6]. To compute such a matrix, one compares the
chroma feature sequence with cyclically shifted versions
of itself, see [3]. For each of the twelve possible chroma
shifts, one obtains a similarity matrix. The transposition-
invariant matrix is then obtained by taking the entry-wise
maximum over the twelve matrices. Furthermore, storing
the shift index which yields the maximum similarity for
each entry results in another matrix referred to as transpo-
sition index matrix, which will be used in Section 3. Based
on such transposition-invariant SSM, we apply the proce-
dure of [8] to compute for each audio segment a fitness
value that expresses how well the given segment explains

2 In our scenario, we use a chroma variant referred to as CENS features,
which are part of the Chroma Toolbox http://www.mpi-inf.mpg.
de/resources/MIR/chromatoolbox/. Using a long smoothing
window of four seconds and a coarse feature resolution of 1 Hz, we ob-
tain features that show a high degree of robustness to smaller deviations,
see [7] for details.
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Figure 1: Thumbnailing procedure for Op031No2-01 (“Tem-
pest”). (a)/(d) Scape plot representation using an SSM with-
out/with transposition invariance. (b)/(e) SSM without/with
transposition invariance along with the optimizing path family
(cyan), the thumbnail segment (indicated on horizontal axis) and
induced segments (indicated on vertical axis). (c)/(f) Ground-
truth segmentation.

other related segments (also called induced segments) in
the music recording. These relations are expressed by a so-
called path family over the given segment. The thumbnail
is then defined as the segment that maximizes the fitness.
Furthermore, a triangular scape plot representation is com-
puted, which shows the fitness of all segments and yields a
compact high-level view on the structural properties of the
entire audio recording.

We expect that the thumbnail segment, at least on the
coarse level, should correspond to the exposition (F£7),
while the induced segments should correspond to the re-
peating exposition (F») and the recapitulation (R). To il-
lustrate this, we consider as our running example a Baren-
boim recording of the first movement of Beethoven’s piano
sonata Op. 31, No. 2 (“Tempest”), see Figure 1. In the fol-
lowing, we also use the identifier Op031No2-01 to refer
to this movement. Being in the sonata form, the coarse mu-
sical form of this movement is £; Fs DRC. Even though
R is some kind of repetition of Ej, there are significant
musical differences. For example, the first subject group
in R is modified and extended by an additional section not
present in Ej, and the second subject group in R is trans-
posed five semitones upwards (and later transposed seven
semitones downwards) relative to the second subject group
in E;. In Figure 1, the scape plot representation (top) and
SSM along with the ground truth segmentation (bottom)
are shown for our example, where on the left an SSM with-
out and on the right an SSM with transposition invariance
has been used. In both cases, the thumbnail segment corre-
sponds to part F;. However, without using transposition-
invariance, the recapitulation is not among the induced seg-
ments, thus not representing the complete sonata form, see
Figure 1b. In contrast, using transposition-invariance, also
the R-segment is identified by the procedure as a repetition
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Figure 2: Results of the thumbnailing procedure for the 28 first movements in sonata form. The figure shows for each recording the
underlying SSM along with the optimizing path family (cyan), the thumbnail segment (indicated on horizontal axis) and the induced
segments (indicated on vertical axis). Furthermore, the corresponding GT segmentation is indicated below each SSM.

of the E';-segment, see Figure le.

At this point, we want to emphasize that only the us-
age of various smoothing and enhancement strategies in
combination with a robust thumbnailing procedure makes
it possible to identify the recapitulation. The procedure
described in [8] is suitably adjusted by using smoothed
chroma features having a low resolution as well as apply-
ing a long smoothing length and transposition-invariance
in the SSM computation. Additionally, when deriving the
thumbnail, we apply a lower bound constraint for the min-
imal possible segment length of the thumbnail. This lower
bound is set to one sixth of the duration of the music
recording, where we make the musically informed assump-
tion that the exposition typically covers at least one sixth
of the entire movement.

To evaluate our procedure, we use the complete Baren-
boim recordings of the 32 piano sonatas by Ludwig van
Beethoven. Among the first movements, we only con-
sider the 28 movements that are actually composed in
sonata form. For each of these recording, we manually
annotated the large-scale musical structure also referred
to as ground-truth (GT) segmentation, see Table 1 for an
overview. Then, using our thumbnailing approach, we
computed the thumbnail and the induced segmentation (re-
sulting in two to four segments) for each of the 28 record-
ings. Using pairwise P/R/F-values®, we compared the
computed segments with the E- and R-segments specified
by the GT annotation, see Table 1. As can be seen, one
obtains high P/R/F-values for most recordings, thus indi-

3 These values are standard evaluation measures used in audio struc-
ture analysis, see, e. g. [10].

No. | Piece ID GT Musical Form P R F
1 [ Op002Nol-01 FE1E>2DR 0.99 0.90 0.90
2 | Op002No02-01 E1E2DR 0.99 0.96 0.96
3 | Op002No3-01 E1E>2DRC 095 097 097
4 | Op007-01 E1E>DRC 1.00 0.99 0.99
5 | Op010Nol1-01 E1E2DR 099 093 093
6 | Op010N02-01 E1E2DR 095 0.86 0.86
7 | Op010No03-01 E1E;DRC 093 094 0.94
8 | Op013-01 1E1E2DRC 096 095 0.95
9 | Op014Nol1-01 E1E>2DRC 097 097 097

10 | Op014No2-01 E1E2DRC 094 0.96 0.96
11 | Op022-01 E1E2DR 1.00 0.97 0.97
12 | Op026-01 - - - -
13 | Op027Nol1-01 - - - -
14 | Op027No2-01 - - - -
15 | Op028-01 E1E>DRC 1.00 0.99 0.99
16 | Op031No1-01 E1E9DRC 0.83 0.74 0.74
17 | Op031No2-01 E1E;DRC 090 0.85 0.85
18 | Op031No03-01 E1E>2DRC 099 098 0.98
19 | Op049Nol1-01 E1E;DRC 096 091 091
20 | Op049No2-01 E1E2DR 1.00 0.96 0.96
21 | Op053-01 E1E9DRC 099 097 0.97
22 | Op054-01 - - - -
23 | Op057-01 EDRC 092 0.78 0.78
24 | Op078-01 1E1E2D1R1DoRo 098 0.84 0.84
25| Op079-01 E1E2D1R1D2R2C | 050 0.55 0.55
26 | Op081a-01 IE1E2DRC 0.86 0.88 0.88
27 | Op090-01 EDRC 0.76 0.85 0.85
28 | Op101-01 EDRC 097 0.89 0.89
29 | Op106-01 E1E;DRC 099 098 0.98
30 | Op109-01 EDRC 092 0.86 0.86
31 | Opl110-01 EDRC 091 0.81 081
32 | Opl11-01 1E\E9DRC 0.65 0.64 0.64
Average 092 0.86 0.89

Table 1: Ground truth annotation and evaluation results (pair-
wise P/R/F values) for the thumbnailing procedure using Baren-
boim recordings for the first movements in sonata form of the
Beethoven piano sonatas.

cating a good performance of the procedure. This is also
reflected by Figure 2, which shows the SSMs along with
the path families and ground truth segmentation for all 28
recordings. However, there are also a number of excep-
tional cases where our procedure seems to fail. For exam-
ple, for Op079-01 (No. 25), one obtains an F-measure
of only 0.55. Actually, it turns out that for this recording



the D-part as well as R-part are also repeated resulting in
the form £y FE>D1R1DsRoC. As a result, our minimum
length assumption that the exposition covers at least one
sixth of the entire movement is violated. However, by re-
ducing the bound to one eighth, one obtains for this record-
ing the correct thumbnail and an F-measure of 0.85. In
particular, for the later Beethoven sonatas, the results tend
to become poorer compared to the earlier sonatas. From a
musical point of view, this is not surprising since the later
sonatas are characterized by the release of common rules
for musical structures and the increase of compositional
complexity [13]. For example, for some of the sonatas, the
exposition is no longer repeated, while the coda takes over
the role of a part of equal importance.

3. FINE STRUCTURE

In the second step, our goal is to find substructures within
the exposition and recapitulation by exploiting the relative
harmonic relations that typically exist between these two
parts. Generally, the exposition presents the main thematic
material of the movement that is contained in two contrast-
ing subject groups. Here, in the first subject group (G'1)
the music is in the fonic (the home key) of the movement,
whereas in the second subject group (G2) it is in the dom-
inant (for major sonatas) or in the tonic parallel (for mi-
nor sonatas). Furthermore, the two subject groups are typ-
ically combined by a modulating transition (1) between
them, and at the end of the exposition there is often an ad-
ditional closing theme or codetta (C'). The recapitulation
contains similar sub-parts as the exposition, however it in-
cludes some important harmonic changes. In the following
discussion, we denote the four sub-parts in the exposition
by E-G1, E-T, E-G2, and E-C. Also, in the recapitu-
lation by R-G1, R-T, R-G2, and R-C. The first subject
groups F-G1 and R-G1 are typically repeated in more or
less the same way both appearing in the tonic. However, in
contrast to £-G2 appearing in the dominant or tonic par-
allel, the second subject group R-G2 appears in the tonic.
Furthermore, compared to £-T', the transition R-T' is often
extended, sometimes even presenting new material and lo-
cal modulations, see [4] for details. Note that the described
structure indicates a tendency rather then being a strict rule.
Actually, there are many exceptions and modifications as
the following examples demonstrate.

To illustrate the harmonic relations between the subject
groups, let us assume that the movement is written in C'
major. Then, in the exposition, E-G1 would also be in C'
major, and E-G2 would be in G major. In the recapitula-
tion, however, both R-G1 and R-G2 would be in C' major.
Therefore, while £-G1 and R-G1 are in the same key, R-
G2 is a modulated version of F-G2, shifted five semitones
upwards (or seven semitones downwards). In terms of the
maximizing shift index as introduced in Section 2, one can
expect this index to be ¢ = 5 in the transposition index ma-
trix when comparing E-G2 with R-G2.4 Similarly, for

4 We assume that the index encodes shifts in upwards direction. Note
that the shifts are cyclic, so that shifting five semitones upwards is the
same as shifting seven semitones downwards.
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Figure 3: Illustration for deriving the WRTI (weighted relative
transposition index) representation using Op031No2-01 as ex-
ample. (a) Enlarged part of the SSM shown in Figure le, where
the horizontal axis corresponds to the E-segment and the verti-
cal axis to the R-segment. (b) Corresponding part of the trans-
position index matrix. (¢) Path component of the optimizing path
family as shown in Figure le. (d) Transposition index restricted
to the path component. (e) Transposition index plotted over time
axis of R-segment. (f) Final WRTI representation.

minor sonatas, this index is typically ¢ = 9, which cor-
responds to shifting three semitones downwards from the
tonic parallel to the tonic.

Based on this observation, we now describe a proce-
dure for detecting and measuring the relative differences
in harmony between the exposition and the recapitula-
tion. To illustrate this procedure, we continue our exam-
ple Op031No2-01 from Section 2, where we have al-
ready identified the coarse sonata form segmentation, see
Figure le. Recall that when computing the transposition-
invariant SSM, one also obtains the transposition index
matrix, which indicates the maximizing chroma shift in-
dex [6]. Figure 3a shows an enlarged part of the enhanced
and thresholded SSM as used in the thumbnailing proce-
dure, where the horizontal axis corresponds to the exposi-
tion E; and the vertical axis to the recapitulation R. Fig-
ure 3b shows the corresponding part of the transposition
index matrix, where the chroma shift indices are displayed
in a color-coded form.> As revealed by Figure 3b, the
shift indices corresponding to E-G1 and R-G1 are zero
(gray color), whereas the shift indices corresponding to F-
G2 and R-G?2 are five (pink color). To further emphasize
these relations, we focus on the path that encodes the sim-

5 For the sake of clarity, only those shift indices are shown that cor-
respond to the relevant entries (having a value above zero) of the SSM
shown in Figure 3a.
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Figure 4: WRTI representations for all 28 recordings. The manual annotations of the segment boundaries between R-G1, R-T, R-G2,
and R-C are indicated by vertical lines. In particular, the blue line indicates the end of R-G1 and the red line as the beginning of R-G2.

ilarity between Iy and R, see Figure 3c. This path is a
component of the optimizing path family computed in the
thumbnailing procedure, see Figure le. We then consider
only the shift indices that lie on this path, see Figure 3d.
Next, we convert the vertical time axis of Figure 3d, which
corresponds to the R-segment, into a horizontal time axis.
Over this horizontal axis, we plot the corresponding shift
index, where the index value determines the position on the
vertical index axis, see Figure 3e. In this way, one obtains
a function that expresses for each position in the recapitu-
lation the harmonic difference (in terms of chroma shifts)
relative to musically corresponding positions in the expo-
sition. We refine this representation by weighting the shift
indices according to the SSM values underlying the path
component. In the visualization of Figure 3f, these weights
are represented by the thickness of the plotted dots. In the
following, for short, we refer to this representation as the
WRTI (weighted relative transposition index) representa-
tion of the recapitulation.

Figure 4 shows the WRTI representations for the 28
recordings discussed in Section 2. Closely following [13],
we manually annotated the segments corresponding to G'1,
T, G2, and C' within the expositions and recapitulations
of these recordings®, see Table 2. In Figure 4, the seg-
ment corresponding to R-T' is indicated by a blue vertical
line (end of R-G1) and a red vertical line (beginning of
R-G2). Note that for some sonatas (e. g., Op002No3-01
or Op007-01) there is no such transition, so that only the

6 As far as this is possible due to many deviations and variations in the
actual musical forms.

red vertical line is visible. For many of the 28 recordings,
as the theory suggests, the WRTI representation indeed in-
dicates the location of the transition segment by a switch
from the shift index ¢ = 0 to the shift index ¢ = 5 (for
sonatas in major) or to ¢ = 9 (for sonatas in minor). For
example, for the movement Op002No1-01 (No. 1) in F
minor, the switch from ¢ = 0 to ¢ = 9 occurs in the transi-
tion segment. Or for our running example Op031No2-01
(No. 17), there is a clearly visible switch from ¢ = 0 to
i = 5 with some further local modulations in between.
Actually, this sonata already constitutes an interesting ex-
ception, since the shift of the second subject group is from
the dominant (exposition) to the tonic (recapitulation) even
though the sonata is in minor (DD minor). Another more
complex example is Op013-01 (No. 8, “Pathétique”) in
C minor, where E-G1 starts with E” minor, whereas R-
(1 starts with F' minor (shift index ¢ = 2) before it reaches
the tonic C' minor (shift index ¢ = 9). Actually, our WRTI
representation reveals these harmonic relations.

To obtain a more quantitative evaluation, we located
the transition segment R-1" by determining the time po-
sition (or region) where the shift index 7 = 0 (typically
corresponding to R-G1) changes to the most prominent
non-zero shift index within the R-segment (typically cor-
responding to R-G2 and usually ¢ = 5 or i = 9), where we
neglect all other shift indices. This position (or region) was
computed by a simple sweep algorithm to find the optimal
position that separates the weighted zero-indices (which
should be on the left side of the optimal sweep line) and
the weighted indices of the prominent index (which should



No. | Piece ID GI T G2 C [AGDH W) AG2)
T [Op002NoT-01 [ 10.6 12.6 20.8 204 y

2| Op002N02-01 | 260 24.4 442 21.1 y

3| Op002No3-01 [37.9 - 829 123 | 06 n

4 | 0p007-01 290 - 807 57 | -11.5

5| OpOl0No1-01 [ 23.2 224 459 224 y

6| Op0l0No2-01 [ 462 - 603 222 n 2.0
7| OpO10N03-01 | 20.1 247 462 75 | 56 n

8 | 0p013-01 101 12.1 472 188 y

9| Op014Nol-01 | 22.8 18.6 484 139 y

10 | Op014N02-01 | 13.0 314 557 - y

11 | 0p022-01 175 235 657 19.8 y

12 | Op026-01
13 | Op027No1-01 | - - - - - - -
14 | Op027No2-01 | - - - -
15 | 0p028-01 452 247 803 254 | -4.0

n
16 | Op03INo1-01 |21.6 - 402 126 | -125 n
17 | Op031N02-01 | 85.7 19.6 349 136 | -54 n
18 | Op031N03-01 | 554 - 429 257 | -103  n
19| Op049No1-01 [305 - 335 125 | -60 n
20 | Op049N02-01 | 24.6 8.6 262 152 n 8.9
21 | Op053-01 476 193 692 29.1 y
22 | Op054-01 - - - -
23 | Op057-01 703 227 437 1208| -73  n
24 | Op078-01 417 189 117 295 | -159  n
25 | 0p079-01 80 89 132 29 y
26 | Op081a-01 | 139 223 83 88 y
27 | 0p090-01 471 389 141 182 y
28 | Op101-01 - - - -
29 | Op106-01 60.0 434 555 249 | -367
30 | Op109-01 137 - 419 366 | -61 n
31 | Op110-01 478 320 560 173 | 260 n
32 | Opl11-01 203 299 610 204 y

Table 2: Ground truth annotation and evaluation results for finer-
grained structure. The columns indicate the number of the sonata
(No.), the identifier, as well as the duration (in seconds) of the
annotated segments corresponding to R-G1, R-T', R-G2, and R-
C'. The last three columns indicate the position of the computed
transition center (CTC), see text for explanations.

be on the right side of the optimal sweep line). In the case
that there is an entire region of optimal sweep line posi-
tions, we took the center of this region. In the following,
we call this time position the computed transition center
(CTCQ). In our evaluation, we then investigated whether the
CTC lies within the annotated transition -7 or not. In the
case that the CTC is not in R-T, it may be located in R-
G1 or in R-G2. In the first case, we computed a negative
number indicating the directed distance given in seconds
between the CTC and the end of R-G1, and in the sec-
ond case a positive number indicating the directed distance
between the CTC and the beginning of R-G2. Table 2
shows the results of this evaluation, which demonstrates
that for most recordings the CTC is a good indicator for
R-T. The poorer values are in most case due to the devia-
tions in the composition from the music theory. Often, the
modulation differences between exposition and recapitula-
tion already start within the final section of the first subject
group, which explains many of the negative numbers in Ta-
ble 2. As for the late sonatas such as Op106—-01 (No.29)
or Op110-01 (No.31), Beethoven has already radically
broken with conventions, so that our automated approach
(being naive from a musical point of view) is deemed to
fail for locating the transition.

4. CONCLUSIONS

In this paper, we have introduced automated methods
for analyzing and segmenting music recordings in sonata
form. We adapted a thumbnailing approach for detecting
the coarse structure and introduced a rule-based approach
measuring local harmonic relations for analyzing the finer
substructure. As our experiments showed, we achieved
meaningful results for sonatas that roughly follow the mu-

sical conventions. However, (not only) automated methods
reach their limits in the case of complex movements, where
the rules are broken up. We hope that even for such com-
plex cases, automatically computed visualizations such as
our introduced WRTT (weighted relative transposition in-
dex) representation may still yield some musically inter-
esting and intuitive insights into the data, which may be
helpful for musicological studies.
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