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Dynamic Time Warping (DTW)

Solution to Problem 1

DTW(X,Y ) = 3, DTW(X,Z) = 3, DTW(Y, Z) = 3.

Solution to Problem 2
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5 4 4 1
3 2 2 3
3 2 2 3
6 5 5 0
0 1 1 6













D =













17 13 13 9
12 9 9 8
9 7 7 5
6 5 6 2
0 1 2 8













An optimal warping path is given by

((1, 1), (1, 2), (1, 3), (2, 4), (3, 4), (4, 4), (5, 4)).

There is no other optimal warping path.

Solution to Problem 3

Let X = (x1, x2, . . . , xN ) and Y = (y1, y2, . . . , yM ) be two arbitrary sequences over F . Further-
more, let p = (p1, . . . , pL) with pℓ = (nℓ,mℓ) ∈ [1 : N ] × [1 : M ], ℓ ∈ [1 : L], be a warping path
between X and Y with total cost

cp(X,Y ) :=

L
∑

ℓ=1

c(xnℓ
, ymℓ

).

We define a path q = (q1, . . . , qL) by qℓ := (mℓ, nℓ) ∈ [1 : M ] × [1 : N ]. Obviously, q defines a
warping path between Y and X . Furthermore, because of the symmetry of c, one has cq(Y,X) =
cp(X,Y ). It follows that q is an optimal warping path between Y and X if and only if p is an
optimal warping path between X and Y . Hence, DTW(X,Y ) = DTW(Y,X).

Let F = {α, β, γ} and c : F × F → R≥0 defined by c(x, y) := 1− δxy. Furthermore, let X = αβγ,
Y = αββγ and Z = αγγ. Then DTW(X,Y ) = DTW(Y,X) = 0, DTW(X,Z) = 1 and

DTW(Y, Z) = 2 > 1 = DTW(Y,X) + DTW(X,Z).

Hence, the triangular inequality is violated.

1



Solution to Problem 4

Let Lk be the length of the warping path at level k between the sequences Xk and Yk each having
length 2n−k+1, 1 ≤ k ≤ n. Then,

Lk ≤ 2 · 2n−k+1 = 2n−k+2,

i. e., L1 ≤ 2N , L2 ≤ 2(N/2) = N , and so on. Then the following holds:

AMsDTW (N) = AMsDTW

(

N

2

)

+ f2
1 · L2

≤ AMsDTW

(

N

2

)

+ 4 ·N

= AMsDTW

(

N

22

)

+ f2
2 · L3 + 4 ·N

≤ AMsDTW

(

N

22

)

+ 4 ·

(

N

2

)

+ 4 ·N

≤ . . .

≤ AMsDTW

(

N

2n−1

)

+ 4 ·

(

N

2n−2

)

. . .+ 4 ·

(

N

22

)

+ 4 ·

(

N

2

)

+ 4 ·N

≤ ADTW (2) + 4 ·
(

4 + . . .+ 2n−2 + 2n−1 + 2n
)

≤ 4 ·
n
∑

k=0

2k

≤ 4 · 2n+1

= 8N

The last inequality can be shown easily via induction.
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