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Non-Uniform Orthogonal Filterbanks Based on
MDCT Analysis/Synthesis and Time Domain

Aliasing Reduction
Nils Werner and Bernd Edler

Abstract—In this paper we describe non-uniform orthogonal
modified discrete cosine transform (MDCT) filterbanks and time
domain aliasing reduction (TDAR). By adding a post-processing
step to the MDCT, our method allows for arbitrary non-uniform
frequency resolutions using subband merging with smooth win-
dowing and overlap in frequency. This overlap allows for an
improved temporal compactness of the impulse response, which
is especially useful for audio coders. The post-processing step
comprises another lapped MDCT transform along the frequency
axis and TDAR along each subband signal.

Index Terms—TDAC, MDCT, Perceptual Coding, Time-
Frequency Transform

I. INTRODUCTION

THE MDCT is widely used in audio coding applications
due to properties such as good energy compaction and

critical sampling when used with appropriately shaped over-
lapping windows.

In perceptual audio coding, quantization noise introduced by
the coder needs to be both spectrally and temporally shaped
such that it does not exceed the masking threshold. The MDCT
exhibits a uniform time-frequency resolution but the masking
threshold has a non-unifom spread in time and frequency [1].
Consequently, a non-uniform time-frequency resolution is a
desirable representation. Such a non-uniform transform allows
individual temporal and spectral shaping of the quantization
noise in different bands and allows to more closely match the
non-uniform perception characteristics of the human ear [2].
This leads to a higher coding efficiency when compared to
uniform filterbanks [3]. Critically, to allow precise shaping of
the quantization noise and thus be suitable for coding, the
resulting filterbank is required to have both temporally and
spectrally compact impulse responses [3].

A non-uniform filterbank based on Hadamard merging [4]
is implemented in a current audio codec [5]. However, it
is rarely activated as the poor temporal compactness of the
method severely limits the maximum possible non-uniformity
and coding efficiency [3].

A way of designing non-uniform FIR filterbanks is the
repeated application of one or more uniform transforms [6]:
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For subband merging, a long transform is applied first,
transforming the signal from the temporal to the spectral
domain. The result is a spectrum with high spectral but low
temporal resolution. Afterwards, selected groups of spectral
bins (a subband) are transformed to a subband signal. This
increases the temporal resolution while sacrificing spectral
resolution in that selected subband.

Subband splitting is the complementary operation: First a
short transform is applied. The result is a spectrum with
low spectral but high temporal resolution. Afterwards, the
spectral bins of two or more adjacent transform frames are
transformed again, increasing their spectral resolution at the
cost of temporal resolution.

These steps and their sizes can be mixed and repeated at
will. The choice of transform can be arbitrary, however, the
same or a similar transform for each step is expected to have
the best results [6].

There are numerous ways of facilitating non-uniform time-
frequency transforms using repeated uniform transforms [7],
e.g. using two successive Fourier transforms [8], discrete co-
sine transform type IV (DCT-IV) followed by MDCT subband
merging (MSM) [9], MDCT followed by butterfly element
merging [10] and MDCT followed by Hadamard subband
merging (HSM) [4].

Of these transforms, HSM is the only one that allows
direct integration into common audio coding pipelines. But
HSM allows only for limited frequency scale designs with
subband widths constrained to powers of two. The subband
merging operation is performed without any overlap, which
results in compact frequency responses but very long impulse
responses [4], [5]. Also the Hadamard matrix only very
roughly approximates the DCT and thus allows for only
limited overall spectrotemporal resolution. For an analysis
see [3] and Section IV.

Additionally, despite using the MDCT, which produces
time domain aliasing, HSM does not reduce the aliasing in
the subbands, resulting in a long filterbank impulse response
with low temporal compactness. A possible, aliasing reducing
subband merging solution would be to use a transform which
is followed by time domain aliasing cancellation (TDAC), like
IMDCT.

This paper presents a new method which works on a
sequence of MDCT spectra and uses direct MDCT as the
subband merging operation, followed by time domain aliasing
reduction (TDAR). The resulting nonuniform filterbank is
lapped in both time and frequency, orthogonal and allows for
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Fig. 1. Example subband layouts using IMDCT Subband Merging (top,
rectangular windows without spectral overlap) and MDCT Subband Merging
(bottom, Kaiser Bessel derived windows with spectral overlap). Note the first
window quarter being zero and overlapping beyond zero at ν = 0.

any even subband widths. Due to overlap along the frequency
axis and TDAR, a temporally highly compact subband impulse
response is achieved.

II. FILTERBANK IMPLEMENTATION

A. Analysis Filterbank

The analysis filterbank implementation directly builds upon
the common lapped MDCT; the original transform with over-
lap and windowing remains unchanged.

xi(n) = x(n+ iM) 0 ≤ n < 2M (1)

Xi(k) =

√
2

M

2M−1∑
n=0

h(n)xi(n)κ(k, n,M) 0 ≤ k < M

(2)
where i is the frame index and h(n) is a suitable analysis
window. To make notation easier, κ(k, n,M) is a slightly mod-
ified, but also occasionally used MDCT transform kernel [11],
[12] with no = −M/2+1/2 for n0 as introduced in [13], [14]

κ(k, n,M) = cos

[
π

M

(
k +

1

2

)(
n− M

2
+

1

2

)]
. (3)

The standard MDCT transform kernel with no =M/2 + 1/2
can also be used, in which case time-reversal in the resulting
subband signals has to be taken into account [15].

We recall that the direct MDCT can be interpreted as
windowing, pre-permutation and DCT-IV. The inverse MDCT,
can be interpreted as DCT-IV, post-permutation, windowing
and overlap-add, called TDAC [16], [17]. Note that the DCT-
IV, which is its own inverse, is used in both direct and inverse
transform.

For IMDCT subband merging, the spectrum Xi(k) is seg-
mented into subbands of individual widths Nν and each
subband is transformed back to subband time domain using
IMDCT of length Nν . However, due to its rectangular spectral
windowing without overlap, the IMDCT is expected to have
high temporal ringing and thus inhibit compact impulse re-
sponses. By replacing the IMDCT with a lapped direct MDCT
of window length 2Nν , we can relax the brick-wall rectangular
subband edges with a smooth analysis window and overlap and
reduce the undesired ringing. This method has also been used
in [9] on DCT-IV spectra. However, since the direct MDCT
does not have a following TDAC stage, the resulting subband

samples will contain time domain aliasing from (2). A method
that combines TDAC and approximate window coefficients to
reduce the aliasing will later be introduced in Section III. Also,
we have now introduced aliasing in the frequency domain,
which must be cancelled in synthesis.

For the sake of brevity we are using one common merge
factor N = Nν for all subbands ν, however any valid MDCT
window switching sequence can be employed to create the
desired subband widths [18]. More resolution design consider-
ations will be introduced in Section II-C. The subband merging
operation then results in

Xν,i(k) = Xi (k + νN) 0 ≤ k < 2N (4)

ŷν,i(m) =

√
2

N

2N−1∑
k=0

w(k)Xν,i(k)κ(m, k,N) 0 ≤ m < N

(5)
where ν is the subband index, and w(k) is a suitable analysis
window that generally differs from h(n) in size and may differ
in window type.

The output ŷν,i(m) is a set of vectors of individual lengths
of Nν subband samples.

B. Synthesis Filterbank
For synthesis, the inner MDCT (5) is inverted using the

IMDCT, the synthesis window v(k), and TDAC (albeit the
aliasing cancellation is done along the frequency axis k),
perfectly reconstructing the spectrum Xi(k):

X̂ν,i(k) =

√
2

N

N−1∑
m=0

ŷν,i(m)κ(k,m,N) 0 ≤ k < 2N (6)

Xν,i(k) = v(k +N)X̂ν−1,i(k +N) + v(k)X̂ν,i(k) (7)

Xi (k + νN) = Xν,i(k) . (8)

Afterwards, the outer MDCT (2) is inverted using the
IMDCT, the synthesis window g(n), and TDAC (here aliasing
cancellation is done along the time axis n), perfectly recon-
structing the time domain signal.

x̂i(n) =

√
2

M

M−1∑
k=0

Xi(k)κ(n, k,M) 0 ≤ n < 2M (9)

xi(n) = g(n+M)x̂i−1(n+M) + g(n)x̂i(n) (10)

x(n+ iM) = xi(n) . (11)

C. Time-Frequency Resolution Design Limitations
While any desired time-frequency resolution is possible,

some constraints for designing the resulting window functions
must be considered to ensure invertibility. In particular, the
squares of two adjacent TDAR window slopes must add to
one so that (5), (7) fulfill the Princen Bradley condition [14].
The window switching scheme as introduced in [18], originally
designed to reduce pre-echo effects, can be applied here [9].

For correct border handling, (4)–(8) must be shifted by
−N0/2 so that the first quarter of the ν = 0 window (the first
aliasing term) extends beyond zero, combined with rectangular
start window half at the border (Fig. 1) [19]. The same must be
done for the last band. Bands may be excluded from merging
using this technique with zeros at the desired coefficients [19].
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Fig. 2. Time Domain Aliasing Reduction (TDAR) coefficients approximation.
Time Domain Aliasing Cancellation (TDAC) uses 2M synthesis coefficients
g(n). One solution for the 2Nν < 2M Time Domain Aliasing Reduction
(TDAR) coefficients gν(m) can be approximated from them.

III. TIME DOMAIN ALIASING REDUCTION

Earlier we were able to show that a perfectly reconstructing
subband merging filterbank using an MDCT for both analysis
and subband merging transform is possible. Such a filterbank
results in improved temporal compactness over rectangular
frequency domain windowing. However, aliasing from (2)
limits its benefits. To further improve temporal compactness,
an analogue to the TDAC operation after the IMDCT (but
missing after direct MDCT) needs to be found. In order
to retain perfect reconstruction, this operation needs to be
invertible.

For our MDCT transform kernel (3) TDAC can be rear-
ranged to

xi(n) = x̂i(n)g(M/2 + n) (12)
− x̂i−1(M − 1− n)g(3M/2 + n),

xi−1(M − 1− n) = x̂i(n)g(M/2− 1− n) (13)
+ x̂i−1(M − 1− n)g(3M/2− 1− n).

by incorporating the IMDCT post-permutation into overlap
add. Using this notation is required since the direct MDCT
does not have a post-permutation stage in (subband) time
domain and we only get M samples from the transform,
while the operation used earlier (10) was performed after the
IMDCT, which has a post-permutation stage and returns 2M
samples. Both operations are identical, but in this form, TDAC
is performed in-place. In-place TDAC can be written as[

xi(n)
xi−1(M − 1− n)

]
= Ag(n)

[
x̂i(n)

x̂i−1(M − 1− n)

]
(14)

with

Ag(n) =

[
g(M/2 + n) −g(3M/2 + n)

g(M/2− 1− n) g(3M/2− 1− n)

]
(15)

for 0 ≤ n < M/2. Note the use of g(n), which has 2M
window coefficients.

To reduce aliasing in the subband signal, this operation
has to be performed on ŷν,i(m). However, since we do not
have M samples x̂i(n) and 2M window coefficients g(n)
but only Nν subband samples ŷν,i(m) we need to find 2Nν
synthesis window coefficients gν(m). Also, for TDAR to be
invertible the resulting matrix Agν (m) must be nonsingular.
Our experiments have shown that two very simple coefficient
calculation schemes achieve good aliasing reduction with
highly improved temporal compactness. Both methods assume

the subband samples are equidistantly spread over the original
frame and both produce gν(m) of length 2Nν from the
available synthesis window g(n):

1) For parametric windows such as Sine or Kaiser Bessel
Derived, a shorter window of the same type can be
defined.

2) For both parametric and tabulated windows, the window
may be simply cut into 2Nν sections of equal size,
allowing coefficients to be obtained using the root mean
square value of each section:

gν(m) =

√√√√Nν
M

M/Nν−1∑
n=0

g2

(
n+m

M

Nν

)
0 ≤ m < 2Nν .

(16)
This yields 2Nν window coefficients which we can use to
perform TDAR by substituting gν(m) for g(n) in (15) yielding[

yν,i(m)
yν,i−1(Nν − 1−m)

]
= Agν (m)

[
ŷν,i(m)

ŷν,i−1(Nν − 1−m)

]
(17)

with

Agν (m) =

[
gν(Nν/2 +m) −gν(3Nν/2 +m)

gν(Nν/2− 1−m) gν(3Nν/2− 1−m)

]
.

(18)
It can be shown that, if g(n) = h(n) and v(k) = w(k), i.e.
both MDCTs are orthogonal, matrix Agν (m) is orthogonal
and the overall pipeline is an orthogonal transform.

To calculate the inverse transform, first inverse TDAR
is performed before applying the aforementioned synthesis
filterbank[

ŷν,i(m)
ŷν,i−1(Nν − 1−m)

]
= A−1

gν (m)

[
yν,i(m)

yν,i−1(Nν − 1−m)

]
.

(19)
Note that performing TDAR is optional. If a less temporally

compact impulse response is acceptable, e.g. when coding a
stationary signal frame, TDAR can be skipped. As TDAR can
only be performed between two frames with identical subband
layouts, switching from one subband layout to another requires
TDAR to be skipped during transition.

A. TDAR Coefficient Optimization

The proposed TDAR coefficient derivation schemes are
based on deriving gν(m) from the original synthesis window
g(n). However, provided the nonsingularity condition is not
violated, any TDAR matrix A(m) is possible. This allows for
numerical optimization.

As TDAR mainly works to improve temporal compactness
(see Figures 3 and 4), the effective length of the impulse
response l2eff [20] should be used as the cost function and be
minimized for each individual index m. In order not to violate
the nonsingularity condition, each quadruple of coefficients in
(18) must be jointly optimized.

This optimization is optional and for the following evalu-
ation the coefficients were simply obtained using estimation
method 1 from Section III.
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Fig. 3. Impulse and frequency response of a merged subband filter for several
methods. Shown are the proposed MDCT Subband Merging (MSM) without
Time Domain Aliasing Reduction (TDAR), MSM with TDAR, and Hadamard
Subband Merging (HSM) as proposed in [4]. All methods are based on an
original window length 2M = 2048 and a merge factor N = 8. Also shown
are the impulse and frequency response of the corresponding uniform MDCT
with window length 2M/N = 256 samples.

IV. RESULTS

As introduced in Section I, the quantization noise is shaped
by the impulse response shape. Consequently, we are mainly
interested in temporally and spectrally compact impulse re-
sponses and will look at these attributes for our evaluation.

Fig. 3 clearly shows the poor temporal compactness of
HSM. Due to rectangular windowing with no overlap, the
very high spectral compactness can be seen. MSM, on the
other hand, allows for a more temporally compact impulse
response in the subband. However, aliasing is clearly visible
as an unwanted impulse, left of the main inpulse, mirrored at
the boundary at n = 512.

TDAR seems to significantly reduce most of these aliasing
artifacts in the MSM subband. It can also be seen that
spectral compactness of MSM with and without TDAR—both
with overlap in frequency—are similar, with a gentler roll-
off below -20 dB in case of TDAR. Fig. 4 shows that HSM
offers severely limited time-frequency trade-off capabilities.
For growing merge sizes, additional temporal resolution comes
at an unproportionally high cost in spectral compactness,
compromising the overall efficiency when used in an audio
codec. This is the reason why the maximum merge factor in
current codec implementations is limited to 8 [5], after which
there is no more temporal resolution to be gained and the slope
in the graph approaches zero.

MSM without TDAR (“TDAR: off”) or with no spectral
overlap (“f: rect”) shows a slightly improved trade-off capa-
bilities compared to HSM.

MSM with overlap and TDAR (“f: kbd, TDAR: on”), how-
ever, has a constant trade-off between temporal and spectral
compactness. The slope never becomes zero, stays nearly
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Fig. 4. Comparison of spectral and temporal compactness of several methods
as presented in [3]. Shown are the proposed MDCT Subband Merging (MSM)
and Hadamard Subband Merging (HSM) as proposed in [4]. All methods are
based on an original MDCT with window length 2M = 2048. Also shown
are a uniform MDCT of variable window lengths and the theoretical lower
bound as defined by the Heisenberg uncertainty relation. “t: sine” denotes sine
temporal window, “f: kbd/rect” denotes Kaiser Bessel derived or rectangular
spectral window, “TDAR: on/off” denotes enabled/disabled Time Domain
Aliasing Reduction (TDAR). Inline labels denote window lengths for MDCT
and merge factors for all others.

constant and equal to the slope of an unmerged MDCT
transform. This means all merge factors share the same high
overall compactness and there is no merge factor at which
further merging would become useless.

However, using TDAR for a merging factor Nν = 2 appears
to decrease temporal compactness when compared to HSM or
MSM without TDAR. TDAR can be disabled or the start/stop
window method explained in Section II-C can be used to use
HSM for bands with a merge factor Nν = 2, while using
MSM for all higher merge factors.

For this analysis, a sine analysis window (“t: sine”) and
a Kaiser Bessel derived subband merging window (“f: kbd”)
showed the most compact results and thus were chosen.

V. CONCLUSION

We present a novel method for merging subbands of MDCT
spectra and, using TDAR, subsequently reducing aliasing in
each subband. The result is a non-uniform, critically sampled
and perfect reconstructing filterbank with overlapping subband
merging and freely selectable bandwidths. The introduced
method provides much better temporal and spectral local-
ization than state-of-the-art methods, even for larger merge
factors, and therefore allows for a greater degree of freedom
in the choice of bandwidths and consequently greater coding
efficiency.
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